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The entropy production in oscillating homogenous chemical systems is investigated by analyz-

ing the difference between the average entropy production rate in a stable periodic oscillatory 
mode and in the corresponding unstable stationary state. A general analytical expression for this 
difference in the neighborhood of a Hopf bifurcation is derived. The entropy production in two 
typical models of chemical systems with unstable stationary states and stable periodic oscillations 
is investigated, using fixed concentrations as control parameters. The models exemplify both posi-
tive and negative entropy production rate differences. One of the investigated models has four 
free concentrations, the other three. The rate expressions are given by second order mass action 
kinetics with reverse reactions taken into account. The flows of reactants and products are con-
trolled so that only the free concentrations vary, and the entropy of mixing associated with these 
flows is discussed. 

I. Introduction 

Systems that exhibit s t ructure in space a n d / o r 
t ime (e.g. s tat ionary geometr ical patterns, travelling 
waves, or periodical oscillations) if they are forced 
away from the thermosta t ic equil ibr ium state [1] 
have begun to yield some of their hitherto unknown 
properties in recent years. Systems with such struc-
tures produce entropy, they are dissipative. This can 
be viewed as a cost for the environment, and thus 
raises questions as to why such structures are so 
common in na ture and what factors contr ibute to 
their high survival ability. In other words, which 
evolutionary principles govern the behavior of open 
systems? If the entropy produc t ion is a cost, may not 
minimizat ion of it be favorable for the system? The 
present paper is a contr ibut ion to the study of ques-
tions such as these for dynamical structures, i.e. 
structures in t ime. 

Dissipative structures typically involve parts of 
the state space so far f rom the thermostat ic equil ib-
r ium that the macroscopic dynamical equat ions 
cannot be l inearized in te rms of quantities which 
describe deviat ions f rom this equil ibr ium. If the 
dynamics nevertheless can be satisfactorily (in some 
sense) described by thermal variables we speak of 
"nonl inear the rmodynamics" . Nonlinear thermo-
dynamics is considerably less developed than the 
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older fields of thermostat ics and l inear thermo-
dynamics, but some general s ta tements valid for 
large classes of systems have been formula ted [ 1 - 3 ] . 

The entropy product ion in a class of homogenous 
and isothermal chemical systems is investigated 
using mathemat ica l models representat ive of the 
class. The models are constructed as compromises 
between closeness to physical realism and computa -
tional tractability. A basic assumpt ion is that the 
local equi l ibr ium approx imat ion is valid. Fur ther -
more all concentrat ions are kept homogenous by 
assuming that the d i f fus ion processes or the effects 
of the stirring device are very fast compared to 
effects of the chemical reactions. The reaction rates 
are assumed to follow the simplest fo rm of the law 
of mass action in ideal gas mixtures (or di lute solu-
tions). and since t rue three-body collision-reactions 
are extremely improbab le only second order reac-
tions are used. All reactions are reversible. (The 
one-way reactions of e.g. the "Brusselator" [1] are 
thus excluded, as well as the third order reaction.) 
The basic reason for this approach is that calcula-
tion of the entropy product ion using the thermo-
static expression for the chemical potential becomes 
possible. All fugaci ty (activity) coefficients are set 
equal to one. 

The entropy product ion associated with the intro-
duction and extraction of substances is also anal-
yzed. Such flows are intrinsic features of the model 
since the concentrat ions of some of the substances 
are assumed to be kept constant. Variations in the 
reaction rates show up as variat ions in these flows 
and the associated product ion of entropy of mixing. 
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The entropy product ion in the stirring and tem-
perature control devices is not considered here, nor 
the entropy product ion in the devices controlling 
the flows of reactants and products. 

II. Entropy Production Rate Difference 

Let the state of a general system be given by a 
vector .v (/). and let the equations of mot ion be 

x=f(q-x), (1) 

where q is a scalar control parameter [4] characteriz-
ing f . Denote the stationary state x* and the entropy 
production rate a(x(t)). For values of q where 
closed trajectories solve (1) def ine 

A (q) = ä(q) — erstat (q) , (2) 

where a s t a t is the entropy product ion rate in chemi-
cal reactions in the stationary state, o (x*), and 

ä = - ^ J a d r , (3) 
1 c 

i.e. the average entropy product ion rate on a closed 
trajectory C with period T. 

In the neighborhood of a Hopf bifurcat ion [5] 
there are two complex conjugate eigenvalues to the 
jacobian matrix (evaluated at **), which can be 
written 

/-i = e (q) + ico (q) and /.2 = e (q) — i co (q) , (4) 

where e (q*) = 0, q* being the Hopf bifurcat ion 
parameter value. (The stationary state is unstable 
and thus oscillations possible if e(q) > 0.) Except in 
pathological cases there exist two corresponding 
mutually orthogonal eigenvectors which are also 
orthogonal to all other eigenvectors. These two 
vectors def ine a plane in the state space, and using 
them two orthogonal unit vectors, say e, and e2, 
lying in this plane, can be defined so that for suffi-
ciently small positive e(q) (i.e. q close to q*) the 
closed trajectory is given by the circle 

.V (t) = .v* + r (q) (e} cos co (q) t + e2 sin co (q) t), (5) 

where r {q*) = 0. 
Expansion of the entropy product ion rate differ-

ence around the stationary state yields 

1 J 
A = — ] !<7(JC(/))-<7(JC*): d/ 

1 0 

= J J { ( * ( / ) ( 6 ) 

+ y (x(t)-(x*)) M(*(/)-(**)) + ...! dt, 

where the matrix M is the Hessian matrix evaluated 
at x*. 

M=\\o(x) x=x<. (7) 

The integral over the first term in (6) vanishes when 
the expression (5) is inserted. To second order 

A = (e]Me]+e2Me2)r2/4 . (8) 

Thus the sign of A in the immedia te neighborhood 
of q* is determined by this sum of quadra t ic forms. 
If M is positive or negative def ini te for q close to q* 
then this obviously determines the sign of A in this 
neighborhood. There is no guarantee that it will be 
always positive or always negative. The two models 
presented below exemplify both positive and nega-
tive values. The derivation above is only valid in an 
immediate neighborhood of q*, for parameter 
values fur ther away A (q) may for instance change 
sign several times. 

III. The Models 

The models are simple variat ions of one of a class 
of two-dimensional models with exactly soluble 
elliptical limit cycles, thoroughly analyzed by 
Escher [6-11] . A common feature of these two-
dimensional models is the autocatalytic reaction 

A + 2X-+3X. (9) 

This reaction is replaced in each model here by a 
set of mono- and bimolecular, reversible reactions. 
One set contains two new freely varying substances, 
Z and W, which makes the model four-dimensional . 
The reason for the increased dimensional i ty is that 
Hopf bifurcat ions cannot occur in two-dimensional 
systems with second order rate expressions [12]. The 
other set contains one extra substance and therefore 
gives a three-dimensional model . Although oscilla-
tions can in principle occur in second order two-
dimensional systems where the stationary state is a 
saddle point, it is much simpler to create oscillating 
second order systems in three or more dimensions. 
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The letters A, B, C, and D denote the substances 
whose concentrat ions are kept constant (reactants/ 
products) and X, K, Z, and W the substances whose 
concentrat ions are allowed to vary freely. The corre-
sponding small letters are used to denote concentra-
tions. The flows of A, B, C, and D pass through 
perfect semi -permeab le membranes or other devices 
through which X, Y, Z, and PT cannot pass. 

The four-d imensional model is given by the 
reaction scheme 

A+X ^ Z , 

Z + X ^ W+ X , 

W ^ 2X, 

X + Y ^ B , 

2X ^ Y-hC, 

Y ^ D . 

(10a) 

(10b) 

(10c) 

( lOd) 

(10e) 

(10f ) 

The reactions ( l O a - c ) add up to reaction (9). To 
get elliptical limit cycles in the A'-F-plane one must 
exclude the reverse reaction in (9) and (lOe) and 
choose ^ -5 -C-D-concen t r a t ions and rate constants 
appropr ia te ly . 

The individual reaction rates are given in 
Table 1, with forward and reverse reaction rate 
constants denoted by k t and &_,(/ = 1, . . . , 6), respec-
tively. The rate expressions are 

= — J\ + 2J3 - J4 

= — J4 + J5 — J6 , 

Z = J \ J 2 i 

VV = J2~J3. 

2 Js, ( H a ) 

( l i b ) 

(11c) 

( H d ) 

With X, Y, and Z as the free substances the three-
dimensional model is given by replacing the reac-
tions ( l O a - c ) by 

A + Z 

Z 

X + z , 

2X. 

(12a) 

(12b) 

Table 1. Reaction rates 7, and affinities A,. 

J, exp (Aj/RT) Reaction 

1 k i ax -k-xz k] ax/(k_\z) (10a) 
2 k2ZX — k-2 W'.Y k2z/(k.2w) (10b) 
3 A'3 IV --k. 3 - V 2 k3w/(k_3x2) (10c) 
4 k4 x v -k^b k4xy/(k_4b) 

ksxVik.scy) 
( 1 0 d ) 

5 k5 A - 2 -~ A"_5 C V' 

k4xy/(k_4b) 
ksxVik.scy) (lOe) 

6 k6y- k-6d ' k6y/(k.6d) (lOf) 
7 k-jaz -k-nxz k7a/(k.7x (12a) 
8 k%z — k-8-V2 kiz/(k. 8x2) (12b) 

The rate expressions are 

X = J7 + 2JS-J4-2J5 

V — — J 4 + J 5 — J (, , 
= = - JR , 

(13a) 

(13b) 

(13c) 

where the indices 7 and 8 corresponds to reaction 
(12a) and (12 b). respectively. 

IV. Entropy Production in the Models 

There are two kinds of contr ibut ions to the 
entropy product ion in the described models, one 
due to mixing and one due to chemical reactions. 
The rate of entropy product ion due to the reactions 
is given by 

(14) 
i 

where T is the t empera tu re and A, is the aff ini ty of 
reaction /', def ined by 

Ai = - Z l'uMj, (15) 

where z (/ is the s toichiometr ic coefficient of j 
( j = x, y, z, vv) in reaction /, and fj.j is the chemical 
potential of j, here assumed to obey the ideal gas / 
solution relation 

= RTlnxj, (16) 

where /.if is the s tandard state chemical potential at 
the actual t empera tu re and pressure, and Xj denotes 
the molar fraction. Since the aff ini t ies and the reac-
tion rates are zero in the thermosta t ic equi l ibr ium 
state, the aff ini t ies are as given in Table 1 (setting 
here and in the following the gas constant R = 1 for 
simplicity). Obviously all terms in the sum in (14) 
are non-negative, and they are zero only if the reac-
tion rates are zero. 

The entropy of mixing when one mole of j is 
introduced into a system is generally 

•̂ mix — in Xj . (17) 

Since it is assumed that a, b, c, and d are kept con-
stant there are necessarily rates of entropy produc-
tion due to entropy of mixing in the in- and out-
flows of A, B, C, and D. These rates are 

+ J , ln (a/N) - J4 ln (b/N) 
- J 5 ln (C/N)-J6 ln ( d / N ) (18) 
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in the four-dimensional model and 

<7mjx = + y7 In (a/N) - J4 ln (b/N) 
-J5\n(c/N)-J6\n(d/N) (19) 

in the three-dimensional one. N is the total molar 
concentration. 

It is simple to change the reaction schemes so that 
an integral over the in- and outflows on any entire 
closed trajectory is zero. Since the fixed concentra-
tions can be set equal without changing the dynami-
cal behaviour if the rate constants are changed 
appropriately (keeping the products constant), it is 
always possible to make the integral of (jmix over an 
entire period vanishing for any closed trajectory. As 
a special case it is then also zero in the stationary 
state. In fact the sign and magni tude of ermix is 
arbitrary for entire classes of models with identical 
dynamical behavior. Thus it is pointless to make a 
thorough investigation of the entropy of mixing in 
models of the kind studied here. In real chemical 
systems, however, where reactions and rate con-
stants are given by nature, this is not so. 

The sum of the two contr ibut ions to the entropy 
production is 

tfsum = a + rrmix. (20) 

The total molar concentration N can be much 
greater than the sum of the concentrations of the 
reacting molecules, indicating the presence of large 
amounts of a nonreacting solvent. By an appropr ia te 
choice of parameters it is possible to make the sum 
either greater or smaller than zero on an entire limit 
cycle. For the four-dimensional model with the 
reference parameter values given below this can 
only happen for N larger than approximately lO40, a 
number that would make the solution very dilute 
indeed! For reasonable values of N, say 104— 105, 
the sum is positive in this model. 

V. Stability Analysis 

To find the interesting regions of the parameter 
space where a system oscillates the stability of the 
stationary state(s) is investigated. The stationary 
states of the dynamical system (11) are given by 

y = (A'_4b + k5x2 + A _ 6 d ) / N 2 , (21) 

f = {k\ a(\+ ßx) + ßÄ.--3X2) x/{k-\ TV]). (22) 

ü' = (A_3 + A', a x + i k-2x) x2/(k3N\), (23) 

where x is given by the roots of the fourth order 
polynomial 

N] />, + N2 PI = 0 (24) 

with 

x = A2/A_], (25) 

ß=k-2/ki, (26) 

TV, = 1 +(y. + ß)x, (27) 

N2 = A6 + A_5c + A4.V , (28) 

/>, = A_4 b(k6 + 3 A_5 C) + A_6 d (2 A_5 c -k4x) 
-k5x2(3k,x + 2k6), (29) 

P 2 = x 2 (a A', a - M - 3 - Y ) • (30) 

Generally. (24) can yield more than one stat ionary 
state, but in the part of parameter space of current 
interest there is only one non-negative real root of 
(24). i.e. the stationary state is unique. 

The rate expression of reaction (9) can be re-
trieved by assuming that r = w % 0, so that (11a) 
can be written 

x = P2/N\ . (31) 

When (x + ß) x 1. expansion of the r ight-hand 
side of (31) in powers of x yields 

X 

x = x A , a x 2 + X ( - A T (32) 
n = 3 

•[ßk-3 (y + ß)n~3 + yk]a(y +ß)n~2} , 

and the rate expression of reaction (9) (with reverse 
reaction) is found by discarding all terms of order 
x 4 and higher. Escherts system is in fact reached 
exactly in the limit 

x 0 , ß-+0, A_5 = 0 . (33a) 

x k i a constant (i.e. A] a -*• oo), (33 b) 

where the entire sum in (32) disappears. If A_5, x 
and ß are chosen small but non-zero the limit cycles 
are still roughly planar and elliptic, but they do not 
lie in a plane parallel to the .x-y-plane. as can be 
seen in the projections into x-v-r- and x-v-w-space. 
The time constants for movement perpendicular to 
this plane are roughly five orders of magni tude 
smaller than those associated with movement paral-
lel to it. 

The stability of the stationary state is de termined 
by the signs of the real parts of the eigenvalues of 
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the jacobian matrix 

4 k-3 x - k4y - 4 ks x - k4x + 2 k-5 c 
- k4y + 2 k5.\ - k4x - k-5c - k6 

k\a- k2z + L 2 h ' 0 
,k2z - k-2 w + 2A'_3x 0 

(34) 

evaluated at the stationary state. The eigenvalues 
/.,• (/ = 1 - 4 ) are the roots of the fourth-order poly-
nomial 

Det ( . / - / / ) = 0 . (35) 

Similarly, for the three-dimensional model the sta-
tionary states are given by 

y = 9 (v). 

f = h ( x ) , 

(36) 

(37) 

where 

g (x) = {k-4b + k.6d+ k5x2)/(k4x + k-5c + k6), 

/7(A) = k-gx2-/kg, (39) 

and where x is a root of the fourth-order poly-
nomial 

(kjci - k-7A") h (x) - k4xg (A) -I- k-4b 

~ 2 (KS x2 - A'_5 C g ( A ) ) . (40) 

One of the roots is real and negative for all values of 
a, b, c, and d. 

The jacobian matrix is 

/ - k-7 z — 4 k-% x - k4y - 4 k5 x - k4x + 2 k-5 c 
J = I — k4y + 2 k5 A — k4x - k-5 c - k f , 

\2A-_8a 0 

The eigenvalues are here the roots of the third order 
polynomial corresponding to (35). 

As pointed out above, a positive real part of any 
eigenvalue to the jacobian matrix evaluated in the 
stationary state indicates instability of the stationary 
state. 

0.1, b = c = d= 10. The reference value of a is 100 
for the four-dimensional model and 490 for the 
three-dimensional. From projections of the trajec-
tories onto appropriate planes in A-v-r-vv-space it is 
clear that the limit cycle is almost planar in both 
models and that it has an elliptic character. This is 
not surprising since the reference case values are 
deliberately chosen to be very close to the values 
used by Escher. The properties of the models are 
here found by letting the concentrations o, b, c, and 
d vary from zero to 104, one at a time, keeping all 
other parameters at the reference values. (The refer-
ence case was also chosen so that the stationary state 
would be unique during these variations.) The 
range of parameter values where qualitative changes 
in the dynamical behaviour occur are in all cases 
close to the reference case. 

In the four-dimensional model two of the roots of 
(35) have a negative real part of the order of 106 

throughout, indicating a very fast approach to the 
surface in which the limit cycle/stationary state 

kjü 
0 
-k* 

k.7x + 2kt 
(41) 

VI. Simulation Results 

The numerical investigations [13] are based upon 
a reference case with the following parameter val-
ues: kx = 100, k.6 = 106, k2 = 700, k-2 = k4 = k6 = 1.0, 
k3 = 106, £-3 = 0.01, k-4 = 0.15. ks = 2.5, k.s= 10"4, 
k-6 = 0.275. A-7=103 , AT_7 = 10"3, A:8 = 7000, A-_8 = 

resides. The locus of the other two roots as a func-
tion of the concentration b is shown in Figure 1. 
Since the locus is symmetric with respect to the real 
axis only one root is shown, Im (z (b)) > 0. The 
locus shows two Hopf bifurcations, one at Im (z) = 
0.8007 for b = 9.7887 and one at Im ( / ) = 3.134 for 
b = 63.4. The corresponding periods of the oscilla-
tions are 7.85 and 2.00 (time units). (The period of 
the oscillation is 7.66 for the reference case.) This 
range is simple to treat numerically. Since B also 
participates in a reaction which contains both the 
main variables X and F, the properties of the 
system for different b values are investigated in 
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Fig'. F Root-locuses /.(b), showing only the branch with 
non-negative imaginary parts of the close-to-the-origin 
eigenvalues of the stationary state jacobian matrix. The 
three and four-dimensional models are indicated by "3D" 
and "4D", respectively. The circles mark the reference 
cases. The locuses return to the real axis for b= 1521 (4D) 
and b= Mil (3D) and stay on the negative real axis there-
after. 

Fig. 2. Flows of A. B. C. and D as functions of time on the 
four-dimensional reference case closed trajectory. Positive 
values indicate positive outflow, i.e. production inside the 
system. 

I 
0 8.00 16.0 

Fig. 3. Entropy production rate in the chemical reactions 
as a function of time on the four-dimensional reference 
case closed trajectory. The solid line indicates the time-
average on the trajectory, the dashed line the production 
rate in the unstable stationary state. 

more detail than for variations of a, c, and d. The 
reference case is close to one of the Hopf bifurca-
tions (where the complex conjugate roots cross the 
imaginary axis) where the limit cycle oscillation 
comes into existence. The locus /. (a) also has two 
Hopf bifurcations, one at Im (/.) = 0.834 for a = 99.96 
and one at Im(/ .) = 419 for « = 1 3 3 . 1 . The corre-
sponding periods of the oscillations are 7.53 and 
0.015. Due to diff icult ies in handl ing the smaller 
period time numerically this range has not been 
investigated in detail. The locus /. (c) has one Hopf 
bifurcation, at Im (/.) = 0.823 for c = 2.5. The corre-
sponding period t ime of the oscillation is 7.63. The 
locus /. (d) also has one Hopf b i furca t ion , also at 
Im (/.) = 0.823 for d = 10.04. In this case the stability 
increases with increasing d and the oscillations exist 
also when d = 0. i.e. when the back reaction in ( lOf) 
is excluded. 

From the t ime-variat ion of the flow rates of A. B. 
C. and D on the reference case trajectory (see Fig. 2) 
it is clear that A is invariably consumed (reactant) 
while B. C. and D are produced (products) . 
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Fig. 4. The differences A (b) between the chemical entropy 
production rate in the stationary state and the time average 
on the limit cycle as a functions of the concentration 
parameter b. All other parameters are reference case 
values. The circles indicate the reference cases (b =10). 
The difference is negative everywhere for the four-dimen-
sional model (curve labelled "4D") but changes sign for 
the three-dimensional (3D) one. 

The result of the reference case s imulat ion for the 
chemical cont r ibut ion to the entropy production 
rate as a funct ion of t ime is shown in Fig. 3, with 
the stationary state value rrstat and the t ime average 
<7 also indicated. It is obvious that the entropy 
product ion rate d i f fe rence A is qui te small com-
pared to the variat ions during a cycle. (Another 
feature, not shown in the figure, is that the entropy 
product ion rate can be given as a s imple function of 
.v with good accuracy.) 

Figure 4 shows A as a function of b. It is consis-
tently negative, i.e. the four-dimensional system 

decreases the chemical entropy produc t ion rate by 
leaving the unstable steady state and going into the 
oscillating mode for all values of b. 

The three-dimensional model is dynamical ly 
similar, with one eigenvalue of the j acob ian matrix 
being real, negative and of the order of 105. The 
locus /. (b) (see Fig. 1) also shows two Hopf bifurca-
tions, one at Im (/.) = 0.59 for b = 8.96 and one at 
Im( / . ) = 3.517 for 6 = 8 8 . 8 , with corresponding pe-
riod times of 10.65 and 1.79, respectively. Note-
worthy is that the locus /. (a) has only one Hopf 
bifurcat ion in this model , and (c) has none 
(Re (/. (c)) > 0 for all values of c). 

The entropy produc t ion rate difference, also 
shown in Fig. 4, is d i f fe ren t f rom the one for the 
four-dimensional system by becoming zero and then 
positive as b is increased toward the second Hopf 
bifurcat ion. 

VII. Discussion 

It is certainly wor thwhi le to f ind out whether 
there are simple evolut ion principles governing the 
behavior of open chemical systems, and especially 
principles with a clear connection to t he rmodynam-
ics and statistical mechanics . It might then become 
possible to describe evolution in thermodynamica l 
terms, maybe using such concepts as "s t ructure" 
and "o rde r " which could be quant i f i ed with the 
help of informat ion theory. It is also possible to 
analyze the evolutionary propert ies of systems using 
information-theoret ical methods [14]. 

Previously some the rmodynamic evolution cri-
teria have been found to apply to certain classes 
of systems, e.g. the " m i n i m u m entropy product ion 
theorem" in linear t he rmodynamics [1]. The pre-
vious studies have mostly concerned themselves 
with the t he rmodynamic propert ies in the neighbor-
hood of non-equi l ib r ium stationary states. The pres-
ent investigation d i f fe rs by studying open, homo-
genous, non-linear and oscillating chemical systems. 
One of the simplest rules possible for such systems 
is that a chemical oscillator has a lower average 
entropy product ion rate in the oscillating state than 
in the unstable s ta t ionary state. 

It has been proved here that this rule is not valid. 
The derivation in Sect. II of the propert ies in the 
neighborhood of a Hopf b i furca t ion indicates that 
both signs of the ent ropy product ion rate difference 
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are possible, and the three-dimensional model 
proves that there are actually systems where the sign 
of the difference depends on a paramete r . Thus the 
rule is disproved by counterexample . (The same 
obviously applies to the version with "h igher" 
instead of " lower".) 

The derivation shows that a s imple algori thm can 
be used to find out which way the entropy produc-
tion rate difference turns as the oscillating mode is 
created in a Hopf b i furcat ion. T h e algori thm in-
volves the jacobian matr ix J and the hessian matr ix 
M at the stationary state, and it is therefore not 
necessary to integrate the equat ions of motion to 
find the sign of A in the ne ighborhood of the b i fur-
cation. Nothing is said about the behavior away 
f rom the bi furcat ion, and the three-dimensional 
model shows that A can change sign. (One can say 

that the algori thm is local both in state space and 
parameter space.) 

In conclusion we have seen that an evolut ion prin-
ciple which favors low entropy produc t ion rate 
would not necessarily favor an oscillating m o d e 
(although it might do so, as in the four -d imens iona l 
model) . It remains to be seen whether there are any 
rules that can identify certain classes of chemical 
oscillators as negentropy-savers. This is a s t imulat-
ing topic for fur ther investigation. 
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